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Error Estimates for Local Discontinuous Galerkin Methods
for Linear Fourth-order Equations
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Abstract: This paper studies the stability and error estimates of the local discontinuous Galerkin method for
fourth-order linear partial differential equations based on upwind-biased fluxes. Consider using the semi-discrete
form of numerical format in the spatial direction and using the generalized Gauss-Radau projection the projection
error caused by the numerical flux is eliminated. The optimal error estimate of the numerical format is obtained by
using Young inequality. It is proved that when the convective term is selected as the upwind-biased numerical
fluxes the convergence order of the method is order k£ + 1. Because the spatial discrete operator of the partial
differential equation LDG method with higher-order spatial derivatives is rigid the second-erder implicit Crank-—
Nicolson method is used for time dispersion and the correciness of the theoretical analysis results is verified by
numerical experiments.

Keywords: fourth-order linear PDEs; local discontinuous Galerkin methods; error estimates; upwind-biased

fluxes; generalized Gauss-Radau projection

12020 -04 -17
: (11901140) ; “ 7 (LGYC2018JCO01) .
(1995—) .

(1982—) E-mail: bi_hui2002@ aliyun. com.



160 26
E+1 kE+2 0
0 LDG
N 2 LDG
N LDG
N E+1 3
N S o y 4

o

Galerkin( local discontinuous galerkin LDG)
LDG
Galerkin Reed Hill !
1973 » John—
son  Pitkiiranta *
L’
0 Cockburn 3-6
RungeXKutta DG o Bassi
Rebay ’ DG
Navier-Stokes Cockburn Shu ®
Galerkin . LDG
DG
o Galerkin DG
o LDG
- Yan Shu LDG KdV
12 B Xu Shu
LDG 4=15 Schro—
dinger ' Hunter-Saxton ' Surface dif-
fusion Willmore flow 1 20 o
LDG o
DG
( )
o Meng 2
DG
DG E+1 o Cao 2
DG
DG

1 Galerkin

=0 (x1t) (0 2.11') x 0T (1)

ut +ux +ux.mx
u(x 0) =uy(x) xel=(0 2m) (2)
(1) Galerkin
1.1
(1) LDG
o 0=x1 <x3 <" <ay,1 =
2 2 2
27 I=(0 2m) N I =
(61 %.0)
(2,1 +x,1)
x; = h; =%, L —x 1
h = maxh, .
Vi={vel’(D):vl, eP(I) j=1 - N}
e
P 1) L=(x_1 x.1)
k o
12 -
LWLy  WwW=(l)
[, Sobolev
e thoay e Ty e Sobolev

W) ={vel’ (v, eW" () j=1 - N}
p=2

N

) 12
[ wiarn) = | |l Hi(L) T ( 21 [ H[(Ij))
J=
| wll y (1) = Irgji)fv I wll w =(1)
[=0 e thocry I e 1k
. _
Vivin  Vian o( x) X1
N _
Vi je12 = V10 ~Vivn {”h}jn/z =

1, . _
7( Vis1n +”j+1/2) v( x)



Galerkin 161

I/.
f)Zu:ﬁ xj+l/2j:1 - N (3)
12 u
(3)  p

| u _P: u | L=(1) <Ch""! I w |l weer = (1)

¢ A 3
lw=py wll SCA™> [u || s =y

C=C(6) I he

J

pqgeV; [=(x;_1 x;,1) DG

Hj_(P q) =

H*(pq) = 2 H (pa
H (pq) = X H (pqg)
H (pq) = X H (pqg)
DG .
2
DG
H*(p q) +H (q p) =0
1.2 LDG
1.2.1 LDG
LDG

(1)
u, +u, +v, =0 v-z =0
2-¢,=0 g-u, =0 (7)
(7) LDG

k
Ny Pr W, O € V: u, v, z, q, €V,

J; (u,) mydx - f’_u/l (1) v+ N ‘_,41/2 ~ ‘j—l/Z -

J J

o2 T 0 ( 8)

: . — .
jl%nhdx T,y ‘,41/2 UM
i

L@'hphdx * J;zh (p1) Lo ‘141/2 t 200 ‘,‘4/2 =0 (9)

ta.w’ ‘ =
j+12 T qpWh L1122

jzhwlldx +j‘]h () dv - 0,0,
I I

(10)

A - A+ —
flqhahdx +J;uh (o)) v -,0; 12 T U0y, ‘171/2 =0
J J

(11)

u, =6u, +(1 —0) u,f (12)
1
0>20
ah:vh 2h=zh7 ‘}hzq; lA‘h:u;: (13)

e, =u—u, =(u—-p, (v) —(u, -p, (v)) =0, -4,

e,=v-v,=(v-p, (v)) =(v, -p, (v)) =@, -9,

e.=2-z,=(z-p, (2)) —(2,-p, (3)) =¢. —¢.

e,=q-q,=(q-p, (9)) (a0, -p. (9)) =0, -¢,
u,(0) = II,( u)

| uy - I1,( u,) | < Ch™! (RN HE1( 1)
I, | o
1.2.2
LDG
L .
1( ) (8) ~(11)
LDG (12)  (13)

Fun(T) < 11w, (0) |
' (8) ~(11) I

Pn W, Ty Uy gy 2, — Uy

((uh uh) _Hi(uh uh) _H+(Uh uh) +
(vy q1) +H (2, q,) +(z, z,) +

H+(‘]h Zh) +(Qh _”n) +H—(u‘h _”h) =0
2

((uh)t uh) _Ht(uh u,l) +(Zh Z,l) =0



162 26
j(u)udﬂﬁ(({u}_” o) (o, 9,) +H (. ¢,) +(b. ¢.) +
( h )l h ) ~ h I I j+1/2 H+(¢q !j/z) +(d)q wq) +H7(d)u d/q)
. 1 (2 Hib, 4) = (b, (4).) -
— =l || - u, z |2 =0 N N
5 w7+ (6= 2 y n S b+ S
1 izl 2 T2 izl ()
0 P
2 (6 () = [(v=pi (1)) - () v =0
1 d
PR (1) ¢, =0 () oy = (-5, (1))
(14) 0 T
L ((p), ) —H (g, ¥,) +
1.2.3 (o, 0) +(0. ) +(y, ¥,) =
2 ( ) uwvzyq (7) ((d), ¢) +(, ¥,) +
Uy, Uy Z, g (8) ~ (o, ) +(¢)q zpq) (17)
(11) o I, (17)
(12)  (13) 1=(0 2m) 1o& .
Vi(k?l) -H (lﬂ lﬂ) :(0_7); lﬂ ity
h T>0 1
le (T) || <CR**'(1+7) 1) I <CR™" Jlu, || oy KRS
C O (lwll wier =iy lw |l wier =4 ChH+! I || e,
h b, b. b,
- (4) ~(6) (17) RHS
(8) ~(11) J RHS<CH™ [ u, | sy |l || +
((w,), 77h) - H* (u, 77h) - H" (v, 77h) + Ch“l ol HEIT) . 1+
(v, Ph) +H (z, Ph) + (2, w,) + Ch | 2 | HE+1(1,) . |l +

H (q, w,) +(q, o) +H (u, o) =0
(15)

W) +(q o) +H (u o) =0 (16)
15) (16)

)

H (g, ¢) +(¢. ¢) +
(v, ) (¢, o) +H (¢, ¥,) =

((), ) -H (b, ) —~H (), 4b,) +

E+l
CR Mg W ey by |
Young

RHSST™" |1, |* +Ch*™ | w, [ Gy +
lp, 7+ CR* 2 o, | Gy +

l 7+ G2 2, | gy +

oy 117+ CR 72 g, | Gy

1
0>2

g P17 L 17+ O (T Y, [y +
2 2 2
I o1l ercry + 121 ergy + 1l H“‘(Ih)) (18)

(18) 0 T

1 (1) 1P <C 119,(0) [|” +TCR* (T, || oy +

| vl fi"’*l(lh) + ]z ifﬂl(zh) + gl iﬂwl(zh))
uh(o) r Hh(o)
| ‘//u( 0) = I Iuy —uy + u, _PZ U ||



4 Galerkin 163
< [ g = ug || + |ug = pyug || < CA™ 1
u, +u, +u,, =0(x1t) e(02m) x 0T

|, (T) || ><Ch*** + T°Ch”"** + TCh***
g(T_,’_l) ZCh2k+2

| (T) || <(T+1) Ch*!

ledD 1< leD I = 19D |
<CR™'(1+T) +Ch*" ' <Ch**'(1+7T)

o

Crank—-Nicolson

o

0.4 ; .
—T=1X{f#%
03+ * T=18AfF
—T=1.5FLff#
021+ 77758y o T=1.5%{Ef#

— T=2R(f#

01t Noo O T=2MA
= ol A
-0.1¢
025
-0.3
-0.4 -
0 1 2 3 4 5 6 7
X
1 k=1 N=40
Fig. 1 Comparison of true and numerical solutions
at different times when k=1 N =40
0.4 : .
— T=1Ef#
03+ * T=18{Ef#
- — T=1.5Ff%
0.2 o T=1.55ff#
2 ——T=23Ufi#
0.1t O T=2%U{Hf#% -
= ol
-0.1}
-021,
-0.3
-0.4 -
1 2 3 4 5 6 7
X
3 k=2 N=40

Fig.3 Comparison of true and numerical solutions
at different times when k=2 N =40

u

x 0) =sinx xel=(0 2m)

u(x t) =e 'sin(x —1)

0 1 2 k=1 N=40 T=1.
T=1.5.T=2 T=10.T=11.T=12
o 3 4
k=2 N=40 T=1.T=1.5.T=2 T=10.
T=11.T=12 0
T
5x10‘5‘
4,
3.
25,
1.
= of ,
1t
-2 * T=1080{tfR
37 o T=11%{Ef#
4L 1
5 ‘ ' ‘ o T=I2HliiRf
0 1 2 3 4 5 6 7
X
2 k=1 N=40
Fig.2 Comparison of true and numerical solutions
at different times when k=1 N =40
SXIO_S.
4_
3_
25
1_
= 0-
o 1 2 3 4 5 6 7
X
4 k=2 N=40
Fig.4 Comparison of true and numerical solutions

at different times when k =2 N =40



164 26
0
2 7 =0.01A%; 4 kE+1
7=0.01h" T=10 kE+1 2
T=1 T =10, o
1 P P! T=1
Tab.1 Numerical errors and accuracy when p, projection and P' polynomial are used at T =1
N 6=0.75 6=1 6=2
’ r’ I*
10 0. 0160 — 0.0162 — 0.0177 —
20 0. 0040 2.0011 0. 0040 2.0111 0. 0042 2.0897
40 9.8057 x 10 ~* 2.0281 9.8145 x 10 ~* 2.0354 9.8807 x 10 ~* 2.0759
80 2. 4746 x10~* 1. 9864 2.4770 x 10 ~* 1.9863 2.4888 x 10 ~* 1.9892
2 P P! T=10
Tab.2 Numerical errors and accuracy when p, projection and P' polynomial are used at T =10
N 6=0.75 6=1 6=2
I’ I’ I’
10 2.3265 x10 ¢ — 3.2408 x 10 ¢ — 7.9742 x 10 ¢ —
20 5.2977 x1077 2.1347 6.1984 x 1077 2.3864 1.1771 x10°° 2.7601
40 1.2485 x 107 2.0852 1.3179 x 107 2.2337 1. 8396 x 10 7 2.6778
80 3.0374 x10 8 2.0393 3.0771 x10 78 2.0986 3.4500 x 10 ~# 2.4147
3 P P’ T=1
Tab.3 Numerical errors and accuracy when p, projection and P’ polynomial are used at T =1
N 6=0.75 6=1 6=2
I’ I’ I’
10 9.5809 x 10 ~* — 9.5966 x 10 ~* — 9.6613 x 10 ~* —
20 9.8682 x 1073 3.2793 9. 8680 x 10 ~° 3.2817 9.8674 x 103 3.2915
40 1.2435x10° 2.9884 1.2435x10° 2.9883 1.2437 x10~° 2.9981
80 1.5523 x10 ¢ 3.0019 1.5531 x10°° 3.0012 1.5532x10 ¢ 3.0013
4 P r T=10
Tab.4 Numerical errors and accuracy when p, projection and P> polynomial are used at 7 =10
N 6=0.75 6=1 6=2
L’ L’ 1?
10 1. 8706 x 10 =7 — 1.9043 x 107 — 2.0475 x 1077 —
20 2.0524 x10~* 3.1882 2.0622 x10 % 3.2070 2.1023 x10~* 3.2838
40 2.5462 x10~° 3.0109 2.5465 x10~° 3.0176 2.5467 x10~° 3.0453
80 2.9319 x10°1 3.1184 2.9321 x10°1 3.1185 2.9324 x10°1° 3.1185
u +u, +u,, =0(x1) e(02w) x 0T u(x t) =e 'cos(x—1)
u(x 0) =cosx 5 6 k=2 N=40 T=1.
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N
L2 L?. L2
— 10 0. 0160 — 0.0162 — 0. 0177
20 0. 0040 2.0011 0. 0040 2.0111 0. 0042 2.0897
40 9. 8057 x 10 ~* 2. 0281 9.8145 x 10 ~* 2.0354 9. 8807 x 10 ~* 2.0759
80 2. 4746 x10 ~* 1. 9864 2.4770 x 10 ~* 1. 9863 2.4888 x 10 ~* 1.9892
6 P P T=1
Tab. 6 Numerical errors and accuracy when p, projection and P’ polynomial are used at T =1
6=0.75 =1 0=2
N
LZ LZ L2
10 0. 0021 — 0. 0021 — 0. 0021 —
20 2.6143 x10 ™4 3.0131 2.6152 x10 73 3.0145 2.6187 x10~* 3.0201
40 3.0239 x 10 ~° 3.1119 3.0241 x10~* 3.1123 3.0253 x 10 ~* 3.1137
80 1.7363 x10 ~° 4.1223 1.7386 x 10 ~° 4.1206 1.7381 x10~° 4.1214
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